In this study, the reliable H ∞ filtering problem is studied for discrete-time singular systems with randomly occurring delays and sensor failures. Two stochastic variables, that are mutually independent but obey the Bernoulli distribution, are introduced to govern the random occurrences of the discrete-time-varying delay and the infinite-distributed delay. The failures of sensors are quantified by a stochastic variable taking values in a given interval. A discrete-time homogeneous Markov chain is used to represent the stochastic behaviour of sensor failures. The main purpose of the addressed reliable H ∞ filtering problem is to design a reliable mode-dependent filter such that the filtering error dynamics is not only stochastically admissible but also achieves a prescribed H ∞ performance level. A sufficient condition is first established for the existence of the desired filter, and then, the corresponding solvability condition for the desired filter gains is established. The case of Markov chain with partially unknown transition probabilities is also considered. A numerical example is provided to illustrate the effectiveness of the proposed method.
Introduction
In the past few years, singular systems have received a great deal of attention since this kind of systems can better describe physical systems than state-space ones and have extensive applications in electrical circuits, power systems, economics and other areas [1] . Many important issues have been studied extensively [2] [3] [4] [5] [6] [7] . Recently, much effort has been paid to singular systems with time-delay, because timedelays are inherent features of many physical processes such as chemical reactions, nuclear reactors and biological systems, and may lead to instability or significantly deteriorated performances for the corresponding closed-loop systems [8] [9] [10] [11] [12] [13] , and some results have been reported on singular systems with time-delay [14] [15] [16] [17] [18] .
On the other hand, H ∞ filtering problem has been playing an important role in control engineering and signal processing that has attracted constant research attention in the past few decades, and a great number of results have been reported for all sorts of time-delay systems; see, for example, [19] [20] [21] [22] [23] and the references therein. The problem of H ∞ filtering has been investigated for continuous-time singular systems with time-delay in [24, 25] , where the sufficient conditions have been proposed for the existence of linear H ∞ filter. In [26] , the problem of reliable H ∞ filter design against sensor failures has been studied for discrete-time switched singular systems with time-varying delays, and the existence criterion of the desired filter has been obtained by employing the switched Lyapunov function approach and establishing a finite sum equality. When Markov jump parameters appear, the H ∞ filtering problem has been investigated in [27, 28] for singular Markov jump systems with time delays.
Recently, a new type of time delays, named as randomly occurring delays (RODs), has been introduced in [29] , and the robust H ∞ control problem has been investigated for a class of uncertain discrete-time fuzzy systems with both RODs and multiple missing measurements. [30] has studied the robust H ∞ filtering problem for non-linear networked systems with RODs and multiple packet dropouts, and the explicit expression of the desired filter parameters has been derived. The robust distributed state estimation problem has been studied in [31] for a class of uncertain sensor networks with multiple stochastic communication delays, and an explicit expression of the individual estimator has been given in terms of the solution to a convex optimisation problem that can be easily solved by using the semi-definite programme method. Very recently, the network-based robust fault detection problem has been considered in [32] for a class of uncertain discrete-time Takagi-Sugeno (T-S) fuzzy systems with RODs including discrete delays and infinitedistributed delays. On the other hand, temporal failures often happen to actuators/sensors and, subsequently, the delivered signals may be incomplete [33] . The occurrence of such a phenomenon may affect the expected control and estimate performance. Therefore it is important both in theory and in practice to design reliable controllers/filters in the presence of possible actuator/sensor failures and of interest to many researchers [34] [35] [36] [37] . However, up to now, few related results have been established for reliable control/filtering of singular systems with RODs. The main purpose of this paper, therefore is to shorten such a gap by making the first attempt to deal with the reliable H ∞ filtering for discrete-time singular systems with randomly occurring discrete-time-varying delay and infinite-distributed delay.
In this paper, the reliable H ∞ filtering problem against sensor failures is investigated for discrete-time singular systems with RODs. The randomly occurring discrete-time-varying delay and infinite-distributed delay are considered, both of which occur according to a specified Bernoulli distribution. The sensors failures are represented by a discrete-time homogeneous Markov chain. By using a stochastic Lyapunov functional and linear matrix inequality (LMI) technique, a delay-dependent sufficient condition is obtained under which the filtering error system is stochastically admissible with an H ∞ disturbance attenuation level γ . Based on the condition, an LMIbased condition is proposed to guarantee the existence of the reliable mode-dependent filter. When the involved LMIs are feasible, a set of the parameters of a desired filter can be obtained. The result on the case of Markov chain with partially unknown transition probabilities is also derived. Finally, a numerical example is given to show the effectiveness of the proposed method.
Notation:
The notations used throughout this paper are fairly standard. R n and R m×n denote the n-dimensional Euclidean space and the set of all m × n real matrices, respectively. N and Z − denotes the set of non-negative integers and the set of non-positive integers, respectively. For integers a and b with a < b,
, where X and Y are symmetric matrices, means that X − Y is positive definite (positive semidefinite). I and 0 represent the identity matrix and a zero matrix, respectively. The superscript 'T' represents the transpose, and || · || denotes the Euclidean norm of a vector and its induced norm of a matrix. E [·] denotes the expectation operator with respect to some probability measure. l 2 [0, +∞) is the space of square summable infinite sequence. For an arbitrary matrix B and two symmetric matrices A and C A B * C denotes a symmetric matrix, where ' * ' denotes the term that is induced by symmetry. Matrices, if their dimensions are not explicitly stated, are assumed to have compatible dimensions for algebraic operations.
Preliminaries
Consider the following discrete-time singular systems with RODs (see (1) ) where x(k) ∈ R n is the state, y(k) ∈ R m is the measured output, z(k) ∈ R q is the signal to be estimated, and ω(k) ∈ R p is the disturbance input that belongs to (1) is named as infinite-distributed delay in the discrete-time setting, which was first introduced in [38] and can be interpreted as the discrete analogue of the infinite-distributed delay Assumption 1 [29] : The random variables α(k) and β(k) in (1) are mutually uncorrelated Bernoulli distributed white sequences obeying the following probability distribution law
Remark 2: It is noted that in system (1), both the discretetime-varying delay x(k − d(k)) and the infinite-distributed delay ∞ κ=1 μ κ x(k − κ) behave probabilistically owing to the introduction of the stochastic variables α(k) and β(k), which are named as RODs originating from [29] . Up to now, most results have been concerned with regular systems with RODs, and there have been very few results on singular systems with RODs particularly when the reliable H ∞ filtering problem becomes a research focus.
When the sensors experience failures, we consider the following sensor failure model to describe the measured signal sent from sensors [35] 
where the sensor failure matrix
and the parameter r(k) represents a discrete-time homogeneous Markov chain taking values in a finite set L = {1, 2, . . . , l} with transition probability matrix Π {π ij } given by
where 0 π ij 1, and
is an unknown constant, the index r(k) = i denotes the ith failure mode, and l denotes the number of the total failure modes. For every failure mode, the parameters ρ si andρ si characterise the admissible failures of the sth sensor in the ith fault mode. Obviously, when ρ si =ρ si = 0, the sth sensor is outage in the ith failure mode. When 0 < ρ si <ρ si < 1, it corresponds to the case of partial failure of the sth sensor in the ith failure mode. When ρ si =ρ si = 1, there is no failure for the sth sensor in the ith failure mode. Denote [35] 
and rewrite ρ i as follows
where
In this paper, we are interested in constructing the following reliable mode-dependent full-order filter
wherex ∈ R n ,ẑ(t) ∈ R q , and the matrices A f (r(k)), B f (r(k)) and C f (r(k)) are the filter matrices with appropriate dimensions, which are to be designed. Defininḡ
and combining (1) and (7), we obtain the filtering error dynamics (see (8) ) wherē
The following definition and lemmas are needed in the proofs of our main results in this paper.
Definition 1 [1]:
1. System (8) is said to be regular and causal if the pair (Ē,Ā(r(k))) is regular and causal for each r(k) ∈ L, 2. System (8) is said to be stochastically stable if, in the case of ω(k) = 0, for any initial state (φ(k), r(0)), the following holds lim
3. System (8) is said to be stochastically admissible if it is regular, causal and stochastically stable.
Lemma 1 [39] : For any matrix M > 0, integers γ 1 and γ 2 satisfying γ 2 > γ 1 , and vector function ω : N[γ 1 , γ 2 ] → R n , such that the sums concerned are well defined, then
Lemma 2 [40] : For any matrix M S * M 0, scalars
Remark 3: Lemma 2 is a special case of Theorem 1 of [40] , which is presented in a form more convenient for the present application.
Lemma 3 [38] : Let 0 M ∈ R n×n , x i ∈ R n , and scalar constant a i (i = 1, 2, . . .). If the series concerned are convergent, the following inequality holds (12) In this paper, we aim to design a reliable mode-dependent full-order filter (7) such that the filtering error system (8) is stochastically admissible, and under zero initial condition
for all non-zero ω(k) ∈ l 2 [0, ∞).
Main results
In this section, first of all, let us give a sufficient condition, which ensures system (8) to be stochastically admissible with H ∞ performance γ . Then, based on the given condition, we propose a design method of the reliable mode-dependent full-order filter (7) for system (1). For presentation convenience, in the following, for each possible r(k) = i, i ∈ L, a matrix M (r(k)) will be denoted by M i ; for example, A(r(k)) is denoted by A i , and B(r(k)) is denoted by B i and so on.
Theorem 1: For a given scalar γ > 0, the filtering error system (8) is stochastically admissible with H ∞ performance γ , if there exist matrices
2n×(n−r) is any matrix with full column and satisfiesĒ
Z 2 , and
Proof: We first proof the regularity and causality of system (8) . To this end, we choose two non-singular matrices M and G such that
is any non-singular matrix. Pre-multiplying and post-multiplying Ξ 11 < 0 by G T and G, respectively, we have S 2i
< 0, which implies A 4i is non-singular. Thus, the pair (Ē,Ā i ) is regular and causal for each i ∈ L. According to Definition 1, system (8) is regular and causal.
We first show that system (8) with ω(k) = 0 is asymptotically stable. To the end, we define η(k) = Ex(k + 1) − Ex(k) and choose the following Lyapunov function
where (k), i) ], along the solution of system (8), we have that (see (19) ) where
and (see (20) and (21)) where Lemma 1 is used, and
and (see (22)) where Lemma 3 is applied. On the other hand, denote
according to Lemma 1, we have that
Then based on Lemma 2, we obtain that
which implies
where (see equation at the bottom of the page) Note that when 
Using (19)- (22), (25) and (26) we have that (see (27)) where (see equations at the bottom of the page)
By the Schur complement to (14), we can always find a positive scalar ς such that
Then, by using the similar analysis method employed in [41] , we can confirm that (9) holds and thus the filtering error system (8) is asymptotically stable.
To analyse the H ∞ performance of the filtering error system (8), we introduce the following index
By using the similar method of obtaining (27), we can obtain that under zero initial condition
where (see equation at the bottom of the page)
By the Schur complement to (14), we can find that for all non-zero ω(k) ∈ l 2 [0, ∞), Jz ω < 0, which leads to (13) . This completes the proof.
Based on Theorem 1, let us solve the problem of reliable H ∞ mode-dependent filter design. Similar to the idea in [42] , by introducing the slack variable G i , the equivalent form of (14) can be given in the following (see (31) ) Choose
whereR ∈ R n×(n−r) is any matrix with full column and satisfies E TR = 0. Furthermore, lettinĝ
We can obtain from (31) that
with Ξ 22 , Ξ 23 , Ξ 33 , Ξ 34 , Ξ 44 and Ξ 55 follow the same definitions as those in Theorem 1, 
Based on the elementary inequality
we can obtain that (32) holds if
According to the Schur complement lemma, we can obtain from (33) that
Thus, we can obtain the following sufficient condition for the existence of a desired filter of form (7).
Theorem 2: For a given scalar γ > 0, the filtering error system (8) is stochastically admissible with H ∞ performance γ , if there exist matrices
and (34) hold. Moreover, if (15) and (34) are feasible, the parameters of the desired filter (7) can be given by
Remark 4: The problem of reliable H ∞ mode-dependent filter design is solved in Theorem 2 for the addressed discrete-time singular systems with RODs and sensor failures. It should be pointed out that the LMIs in (15) and (34) are not only over the matrix variables, but also over the scalar γ . This implies that, by setting = γ 2 and minimising subject to (15) and (34), we can obtain the optimal H ∞ performance γ min (by γ min = √ ).
Generally speaking, for some practical systems, the transition probabilities of the Markov chain we obtain will never be precise, that is, some elements in transition probability matrix are unknown [43, 44] . For instance, when L = {1, 2, 3, 4}, the transition probability matrix Π may be
where the unaccessible elements are labelled with a hat '·'. For notation clarity, we denote that for each i ∈ L
The following corollary presents the result on the filter design for the case of partially unknown transition probabilities.
Corollary 1: For a given scalar γ > 0, the filtering error system (8) with partially unknown transition probabilities is stochastically admissible with H ∞ performance γ , if there exist matrices hold, where j ∈ L i UK , and
Moreover, the parameters of the desired filter (7) can be given by (35) . 
According to the fact that 0
holds implies (34) holds. This completes the proof.
Remark 5: It is noted that by the similar method used in this paper, our results can be easily extended to more complex singular systems with RODs appearing in y(k) and z(k).
Numerical example
In this section, we will demonstrate the effectiveness of the proposed method in this paper via an example. Consider system (1) with the following parameters Under the above given parameters, Fig. 1 shows z(k) and its estimateẑ(k), and the estimated errorz(k) is described in the The simulation has confirmed that the designed filter performs well. 
Conclusions
In this paper, the problem of reliable H ∞ filter design has been investigated for discrete-time singular systems with both RODs and sensors failures. The RODs contain discrete time-varying delay and infinite-distributed delay. The sensors failures are modelled by a discrete-time homogeneous Markov chain. A stochastic Lyapunov functional has been proposed to design a reliable modedependent filter such that the filtering error system is stochastically admissible and achieves a prescribed H ∞ performance level. The filter gains can be characterised by the solution of a set of LMIs. The numerical example has been given to show the effectiveness and the potential of the proposed technique.
Acknowledgments
The work was supported by Basic Science Research Program through the National Research Foundation of Korea (NRF) funded by the Ministry of Education, Science and Technology (2010-0009373). This work was also supported in part by the National Natural Science Foundation of China under Grant numbers 61174029 and 61104221.
